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Properties of Z-Transforms

Most of the properties of the z-transform are analogs of those of the Laplace transtorms.
Important z-transform properties are discussed in this section |

. Linearity property
Suppose that the z-transform of f(n7) 1s F(z) and the z-transform of g(n7T) is G(z). Then

LI f(nT) £ gnl)| = Z| f(nT)] £ Z[g(nT)] = F(2) £ G(2) (6.20)
and for any scalar a

Zlaf(nT)) = aZ[f(nT)] = aF(2) (6.21)



Properties of Z-Transforms

2. Left-shifting property
Suppose that the z-transtform of f(nT)is F(z) and let yv(nT )= f(nT +mT ). Then

m—1
Y(z)=2"F(z)— ) fGT)?" " (6.22)
=0
If the initial conditions are all zero,1.e. f(iT)=0,i =0,1,2,...,m — 1, then,
ZIf(nT +mT)] = " F(2). (6.23)

3. Right-shifting property
Suppose that the z-transform of f(nT)1s F(z) and let v(nT )= f(nT —mT). Then

m—1
Y@ =2"F@)+ )Y fGT—mT)z" (6.24)
1=0

It f(nT)=0fork < 0, then the theorem simplifies to
ZIf(nT —mT)] = z77"F(2). (6.25)



Properties of Z-Transforms

4. Attenuation property

N

Suppose that the z-transform of f(nT) s F(z). Then,
Zle™ T f(nT)] = Flze]. (6.26)

This result states that if a function is multiplied by the exponential ¢=¢"T then in the

z-transform of this function z is replaced by ze“’.

. Initial value theorem

Suppose that the z-transform of f(n7T)1s F(z). Then the initial value of the time response
is given by

lim f(nT)= lim F(z). (6.27)
n—0 7— 00



Properties of Z-Transforms

6. Final value theorem
Suppose that the z-transform of f(n7) 1s F(z). Then the final value of the time response is
given by

lim f(nT) = lim(1 — 7 HE(2). (6.28)

Note that this theorem is valid if the poles of (1 — z~1)F(z) are inside the unit circle or at

z=1.



Properties of Z-Transforms: Examples

Example 6.3

The z-transform of a unit ramp function r(nT ) 1s
Iz
(z— 12

R(z) =

Find the z-transform of the function 5r(nT).

Solution

Using the linearity property of z-transforms,
5T’z
(z— 1%

ZI5r(nT)] =SR(2) =



Properties of Z-Transforms: Examples

Example 6.4

The z-transform of trigonometric function r(n7T) = sinnwT is
zsinwT

72 —2zcoswT + 1

find the z-transform of the function y(nT) = e~ ! sinn WT.

R(z) =

Solution

Using property 4 of the z-transforms,
ZIy(nT)] = Zle 2 r(nT)] = R[ze*!].

Thus,

2T 2T

ze<t sinwT ze<' sinwT

ZlvinT — —
[} (” )] (ZEzT)Z _ QZE,ZT cosw T + | 32341" — ZEEZT coswT + |

or, multiplying numerator and denominator by e—*7

zfz_ZT sinwT

72— 270-2T 4 4T

Zly(nT)] =



Properties of Z-Transforms: Examples

Example 6.5

Given the function
0.792z7
(z — 1)(z2 —0.4167 +0.208)

G(z) =
find the final value of g(nT).

Solution

Using the final value theorem,

_ o O 0.7927
lim g(nT) = lim(l —z7") _
n— 00 7—1 (z — 1)(z2 —0.416z7 + 0.208)
, 0.792
= lim _
7—172 —0.4167 4+ 0.208
0.792

1 —0416+ 0208



Inverse Z-transform

» The inverse z-transform is obtained in a similar way to the inverse Laplace
transformes.

» Generally, the z-transforms are the ratios of polynomials in the complex variable z,
with the numerator

»polynomial being of order no higher than the denominator.

» By finding the inverse z-transform we find the sequence associated with the given z-
transform polynomial. As 1n the case of inverse Laplace transforms, we are interested
in the output time response of a system.

» Therefore, we use an inverse transform to obtain y(¢) from Y (z).



Inverse Z-transform

» There are several methods to find the inverse z-transform of a given function.
» The following methods will be described here:

1. Power series (long division)

2. Expanding Y (z) into partial fractions and using z-transform tables to find the
inverse transforms.

3. Obtaining the inverse z-transform using an inversion integral.



Inverse Z-transform

Given a z-transform function Y (z), we can find the coefficients of the associated sequence
v(nT )at the sampling instants by using the inverse z}—transform. The time function v(7) is then
determined as

V(1) =Y v(nT)s(t —nT).
n=0

Method 1: Power series. This method involves dividing the denominator of Y (z) into the
numerator such that a power series of the form

- - —3
Y(2)=vo+ vz + vz 4.

is obtained. Notice that the values of y(n) are the coefficients in the power series.



Inverse Z-transform

Example 6.6
Find the inverse z-transtorm for the polynomial
e

Y(z) = .
(2) 7 _3.+4




Inverse Z-transform

Solution

Dividing the denominator into the numerator gives

1 +4z7' +8772 48777
72 —3744|72 42
7 —=3z2+4
47 — 4
47 — 124+ 16771
8 — 167!
8 — 24771 432772

and the coeftficients of the power series are

)
)

11l
PP,

V(
v(
v(2T
vi3T

L»JM'--]D

I
*



Inverse Z-transform

The required sequence is
V()=o) +46(t = T)4+85(t =27T)+86(t —3T)+ ...

Figure 6.15 shows the first few samples of the time sequence v(nT).

(1)

» time

0 T T 3T

Figure 6.15 First few samples ofy(7)



Inverse Z-transform

Example 6.7

Find the inverse z-transtorm for Y (z) given by the polynomial

Z
Y(7) = )
2 72 —37+42



Inverse Z-transform

Solution

Dividing the denominator into the numerator gives

V4372 4777 4 1577

2 —3742|z
z—34277"
3—277"1
3—9z77 146772
7,?,_1 — 6z_2
Tz7V — 21772 + 14773

15772 — 14773
15772 — 45773 + 307~

and the coefficients of the power series are

viO) =0
v(T) I
v(2T) = 3
V3T) = 7
v@4T) = 15



Inverse Z-transform

The required sequence is thus

V(t)=0(t —=T)+436(t =2T)4+76(t =3T)+ 156(t —4T )+ ....

15 *

by ._

» time
0 T 2T 3T 4T

Figure 6.16 First few samples ofy(7)



Method 2: Partial fractions. Similar to the inverse Laplace transform
techniques, a partial fraction expansion of the function Y (z) can be found,

and then tables of known z-transforms can be used to determine the inverse
z-transform.

Looking at the z-transform tables, we see that there 1s usually a z term 1n the
numerator. It 1s therefore more convenient to find the partial fractions of the

function Y (z)/z and then multiply the partial fractions by z to obtain a z term
in the numerator.



Inverse Z-transform

Example 6.8

Find the inverse z-transform of the function

Y(2) =

v
£,

(2 — 1)z —=2)

Solution

The above expression can be written as
Y(2) 1 A B
— — _I_ .
Z (z—1)z—-2) z—-1 z-2
The values of A and B can be found by equating like powers in the numerator, i.e.
A(z—=2)+B(z—-1)=1.

We find A = —1, B = 1, giving

Y(2) —1 1
Z _:—1+z—2
or
—Z Z
Y(2) = —




Inverse Z-transform

From the z-transform tables we find that
yvinT)=—1+4+2"

and the coefficients of the power series are

viO) =0,
v(r) =1,
v2T) = 3,
v3T) = 7.
v(4T) = 15,

so that the required sequence is

V(1) =8(t — T)+38(t —2T)+78(t —3T) + 158(1 —4T) + ...



Inverse Z-transform

Example 6.9

Find the inverse z-transform of the function
|

(z—1Ez=-2)

Y (2) =



Inverse Z-transform

Solution

The above expression can be written as

Y(z) I A B N C
7 2(z—D@z-2) 7z z—1 z-=2

The values of A, B and C can be found by equating like powers in the numerator, i.e.

Az—I)Nz—=2)+Bz(z—-2)+Cz(z— 1D =1

or
Az =37+4+2)+Bz" —2B7+C7 - Cz =1,
giving
A+ B+ C =0,

—3A —-2B —C =0,
2A l.
The values of the coefficients are found tobe A = 0.5, B = —1 and C = 0.5. Thus,
Y (2) | ] |

Z _2_z_z:—1+2(z—2)




Inverse Z-transform

Y@= -
2 z—1 0 2z-=2)

Using the inverse z-transform tables, we find

n

ymTﬁ::—l+Eﬂ:a—l+T”

where

(172, n=0.
“Z1o0 nz#o,

the coeftficients of the power series are

viO) =0
wr)y =0
v(2T) = 1
v(i37T)= 3
vd4T) =7



Inverse Z-transform

and the required sequence is

V() =06(t —=2T)+36(t —3T)+ 76(t —4T )+ 156(t —S5T)+....



The process of finding inverse z-transforms 1s aided by considering what form 1s taken
by the roots of Y (z). It is useful to distinguish the case of distinct real roots and that of
multiple order roots.

Case I: Distinct real roots. When Y (z) has distinct real roots in the form

N(2)
Y(z2) = — S —
(Z—=pINZ—p)Z—p3)...(Z— pn)

then the partial fraction expansion can be written as
Aj As Az Ay
Y(2) = - + — + - + ...+ _
7 — P I— P2 I—P3 < — Pn

and the coetficients A; can easily be found as

Ai =@ —pi) Y()|,—p tori=1273,...,n.



Inverse Z-transtorm

Example 6.10

Using the partial expansion method described above, find the inverse z-transform of

-

4

Y(z) = .
2 (z—DE—=2)
Solution
Rewriting the function as
Y(2) _ A n B |
Z z—1 z-2
we find that
A=1(z ) : = —1
N (z— 1)z —2)|,
B =1(z ) : =1
T T @ DE =2,
Thus,
Vi) = % Z
(2) p— + p—

and the inverse z-transform is obtained from the tables as

y(nT)=—1+2",



Inverse Z-transtorm

Example 6.11

Using the partial expansion method described above, find the inverse z-transform of

22 +7
(z—0.5)z—0.8)(z—1)




Inverse Z-transtorm

Solution

Rewriting the function as

Y(2) A B C
Z z—0.5 7—08 z7-—1

we find that

7+ 1
(2—=05)z—=0.8)z— 1,95
(2—=05)z—=038)z—1)|,—038
7+ 1
C=(z-1 i =
(2 —0.5)z—=0.8)(z— 1),

Thus,

10z 307 20z
— +
z—05 7—-08  z-—-1

Y(2) =
The inverse transform is found from the tables as

v(nT) = 10(0.5)" —30(0.8)" + 20

20.



Inverse Z-transform

The coefficients of the power series are

viO) = 0
vr) = 1
y2T) = 3.3
v(3T) = 5.89

and the required sequence 1is

vity=06(t = T)+3.35(t —2T)+5.896(t — 3T )+ ....



Inverse Z-transform

Case II: Multiple order roots. When Y (z) has multiple order roots of the form

N(z)

Y(z) = :
2 (Z—pDE—p)*z—p1)?...(2=p1)

then the partial fraction expansion can be written as

Yo=—tl oy 12y i
Yoz—=p1 @=p)? (@-p)?

and the coefficients A; can easily be found as

k! dZF(z = pi) (X(2)/D] .y,

Ar—k

(6.29)



Inverse Z-transform

Example 6.12

Using (6.29), find the inverse z-transform of

2437-2

Y(2) = :
(2+5)(z—0.8)(z—2)
Solution
Rewriting the function as
Y(2) ?+37-2 A B C D E
= - s =—+ + +——+ 5
Z 2(2+35)z —0.8)(z —2) z z+5 z-08 (z—-2) (z—2)
we obtain
72 +37 -2 -2
A=z < - = — 0.125,
2(z+5z—08)(z—2) .y 5x(-08)x4
2> +37—2 8
B=(z+5) A — = 0.0056,
2z+5)(z—08)z—2)%|,__5 —5x(—5.8)x49
2 +37-2 1.04
C =(z—0.38) AR — —0.16.
2(z+5)0(z—08)(z—2)|, o5 08x58x1.14




Inverse Z-transform

B 8
o 2x7Tx12

2?4372
2(z+5)(z — 0.8)(z — 2)?

. d[ 724372 ]‘
dz | z(z+ 5)(z — 0.8) 7=2

[2(z 4+ 5)(z — 0.8(2z + 3) — (2% + 3z — 2)(3z2 + 8.4z — 4)]
4+ 4.27%2 — 4z)?

E=(z—2) — 0.48,

We can now write Y (7) as

0.0056z  0.016z 0.297 0.487

(2) T 7+5 +5—0.8 (5—2)+(3_2)2

The 1inverse transform is found from the tables as

= —0.29.

v(nT)=0.125a + 0.0056(—5)" + 0.016(0.8)" — 0.29(2)" 4+ 0.24n(2)",

where

g — I, n=0,
10, n#£0.



End

Thanks
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