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1. Properties of z-transform
2. Inverse z-Transforms



Outline

1. Z-transform
2. Difference equations



Inverse Z-transform

Example 6.9

Find the inverse z-transform of the function
|

(z—1Ez=-2)

Y (2) =



Inverse Z-transform

Solution

The above expression can be written as

Y(z) I A B N C
7 2(z—D@z-2) 7z z—1 z-=2

The values of A, B and C can be found by equating like powers in the numerator, i.e.

Az—I)Nz—=2)+Bz(z—-2)+Cz(z— 1D =1

or
Az =37+4+2)+Bz" —2B7+C7 - Cz =1,
giving
A+ B+ C =0,

—3A —-2B —C =0,
2A l.
The values of the coefficients are found tobe A = 0.5, B = —1 and C = 0.5. Thus,
Y (2) | ] |

Z _2_z_z:—1+2(z—2)




Inverse Z-transform

Y@= -
2 z—1 0 2z-=2)

Using the inverse z-transform tables, we find

n

ymTﬁ::—l+Eﬂ:a—l+T”

where

(172, n=0.
“Z1o0 nz#o,

the coeftficients of the power series are

viO) =0
wr)y =0
v(2T) = 1
v(i37T)= 3
vd4T) =7



Inverse Z-transform

and the required sequence is

V() =06(t —=2T)+36(t —3T)+ 76(t —4T )+ 156(t —S5T)+....



The process of finding inverse z-transforms 1s aided by considering what form 1s taken
by the roots of Y (z). It is useful to distinguish the case of distinct real roots and that of
multiple order roots.

Case I: Distinct real roots. When Y (z) has distinct real roots in the form

N(2)
Y(z2) = — S —
(Z—=pINZ—p)Z—p3)...(Z— pn)

then the partial fraction expansion can be written as
Aj As Az Ay
Y(2) = - + — + - + ...+ _
7 — P I— P2 I—P3 < — Pn

and the coetficients A; can easily be found as

Ai =@ —pi) Y()|,—p tori=1273,...,n.



Inverse Z-transtorm

Example 6.10

Using the partial expansion method described above, find the inverse z-transform of

-

4

Y(z) = .
2 (z—DE—=2)
Solution
Rewriting the function as
Y(2) _ A n B |
Z z—1 z-2
we find that
A=1(z ) : = —1
N (z— 1)z —2)|,
B =1(z ) : =1
T T @ DE =2,
Thus,
Vi) = % Z
(2) p— + p—

and the inverse z-transform is obtained from the tables as

y(nT)=—1+2",



Inverse Z-transtorm

Example 6.11

Using the partial expansion method described above, find the inverse z-transform of

22 +7
(z—0.5)z—0.8)(z—1)




Inverse Z-transtorm

Solution

Rewriting the function as

Y(2) A B C
Z z—0.5 7—08 z7-—1

we find that

7+ 1
(2—=05)z—=0.8)z— 1,95
(2—=05)z—=038)z—1)|,—038
7+ 1
C=(z-1 i =
(2 —0.5)z—=0.8)(z— 1),

Thus,

10z 307 20z
— +
z—05 7—-08  z-—-1

Y(2) =
The inverse transform is found from the tables as

v(nT) = 10(0.5)" —30(0.8)" + 20

20.



Inverse Z-transform

The coefficients of the power series are

viO) = 0
vr) = 1
y2T) = 3.3
v(3T) = 5.89

and the required sequence 1is

vity=06(t = T)+3.35(t —2T)+5.896(t — 3T )+ ....



Inverse Z-transform

Case II: Multiple order roots. When Y (z) has multiple order roots of the form

N(z)

Y(z) = :
2 (Z—pDE—p)*z—p1)?...(2=p1)

then the partial fraction expansion can be written as

Yo=—tl oy 12y i
Yoz—=p1 @=p)? (@-p)?

and the coefficients A; can easily be found as

k! dZF(z = pi) (X(2)/D] .y,

Ar—k

(6.29)



Inverse Z-transform

Example 6.12

Using (6.29), find the inverse z-transform of

2437-2

Y(2) = :
(2+5)(z—0.8)(z—2)
Solution
Rewriting the function as
Y(2) ?+37-2 A B C D E
= - s =—+ + +——+ 5
Z 2(2+35)z —0.8)(z —2) z z+5 z-08 (z—-2) (z—2)
we obtain
72 +37 -2 -2
A=z < - = — 0.125,
2(z+5z—08)(z—2) .y 5x(-08)x4
2> +37—2 8
B=(z+5) A — = 0.0056,
2z+5)(z—08)z—2)%|,__5 —5x(—5.8)x49
2 +37-2 1.04
C =(z—0.38) AR — —0.16.
2(z+5)0(z—08)(z—2)|, o5 08x58x1.14




Inverse Z-transform

B 8
o 2x7Tx12

2?4372
2(z+5)(z — 0.8)(z — 2)?

. d[ 724372 ]‘
dz | z(z+ 5)(z — 0.8) 7=2

[2(z 4+ 5)(z — 0.8(2z + 3) — (2% + 3z — 2)(3z2 + 8.4z — 4)]
4+ 4.27%2 — 4z)?

E=(z—2) — 0.48,

We can now write Y (7) as

0.0056z  0.016z 0.297 0.487

(2) T 7+5 +5—0.8 (5—2)+(3_2)2

The 1inverse transform is found from the tables as

= —0.29.

v(nT)=0.125a + 0.0056(—5)" + 0.016(0.8)" — 0.29(2)" 4+ 0.24n(2)",

where

g — I, n=0,
10, n#£0.



Difference equations

Difference equations arise in problems where the independent variable,
usually time, 1s assumed to have a discrete set of possible values.

vik+n) +a,—yvk+n—1)+ --- +ayv(k + 1) +agv(k)
=byulk +n)+b,—qulk +n—1)+ - +bjulk + 1) + bou(k)



Difference equations

EXAMPLE 2.2

For each of the following difference equations, determine the order of the equation. Is the
equation (a) linear, (b) time invariant, or (c) homogeneous?

1. vk+2)+0.8y(k+ 1)+ 0.07v(k)u(k)
2. vik+4)+sin(0.4k)y(k+ 1)+ 0.3v(k)=0
3. y(k+1)=—0.1y(k)



Difference equations

Solution

1.

The equation is second order. All terms enter the equation linearly and have constant
coefficients. The equation is therefore LTI. A forcing function appears in the equation,
so it Is nonhomogeneous.

The equation is fourth order. The second coefficient is time dependent, but all the
terms are linear and there is no forcing function. The equation is therefore linear time
varying and homogeneous.

The equation is first order. The right-hand side (RHS) is a nonlinear function of v(k),
but does not include a forcing function or terms that depend on time explicitly. The
equation is therefore nonlinear, time invariant, and homogeneous.



Converting from difference equations to
/-transform

yﬂ+1_3yﬂ=4 n=0:1:21"'

with initial condition yy = 1.
We multiply both sides of (1) by z=™ and sum each side over all positive integer values of n and
zero. We obtain

Z(’yn+1 — Syﬂ)z_” = Z4z_ﬂ’
n=0 n=0

or

o0 o0

Y Unp1z " =3 ) ypr =4 Y 2" (2)
n=>0



Converting from difference equations to
/-transform

4
The right-hand side is the z-transform of the constant sequence {4, 4,...} which is zl
;Z N
If Y(z) = Zynz'” denotes the z-transform of the sequence {1,} that we are seeking then
n=>0
Zynﬂz_” = 2z Y (2) — zyo (by the left shift theorem).

n=>0
Consequently (2) can be written

4z
z—1 (3)

2Y(z)—zyg—3Y(z) =



Converting from difference equations to
/-transtform

4z
(z—=3)Y(z2)—2z = o)
4z 2% + 32
(z —3)Y(z) = e e
2%+ 3z

o Y =Theo9



Converting from z-transform to difference
equatior

Y(2) _ 1 + 2z
X(z) 2(1—2z1)

2(1 -z Y (2) = (1+ 2 1)X(2)
Y(2) - Y(2)2 ! = %X(z) + %X(z)z_l

yln| —yln—1] = %m[n] + %m[n — 1]

yln| =yn—1] + %:r:[n] 4+ %m[n —1]



Table 6.1 Some commonly used z-transforms

J&T) F(z)
(1) 1
I Z

7 — 1

Tz

kT _tE

(z— 1)
' kT i,
. 7 —e ol

_ —aT

kT e kT I'ze ™

(-__ f)—aT)Z
ak Z

I—d
| — p—akT 7(1 — e—aT)

' (2= Dz — )
zsinal

sinakT :

7= —2zcosal + 1
cosakT 72(z —cosaT)

-

7= —2zcosal + 1




Laplace transform Corresponding z-transform

] Z
s 7—1
1 Tz
52 (z— 1)
1 T?z(z+ 1)
3 20z —1)7
| Z
s+a 7 —eaT
I Tze T
(s +a)? (z—eaT)?
a 2(1 — e aT)
s(s +a) (z—1)(z —eT)
b—a Z(e ™ — 7P
(s +a)s +b) (z—e ) (z —e=PT)
(b —a)s (b —a)z? — (be T — qe™T)
(s +a)s+b) (7 — e—4T)(z — ¢—bT)
a zsinal
5?4 a? 72 —2zcosal + 1
s 22 —zcosaT
s+ a? 72 —2zcosaTl + 1
s Zlz—e (1 4+ al)]

(s +a)? (z — {;—EJTJE




End

Thanks



	Z-Transform and Difference Equations���Digital Control
	In the previous lecture
	Outline
	Inverse Z-transform
	Inverse Z-transform
	Inverse Z-transform
	Inverse Z-transform
	Inverse Z-transform
	Inverse Z-transform
	Inverse Z-transform
	Inverse Z-transform
	Inverse Z-transform
	Inverse Z-transform
	Inverse Z-transform
	Inverse Z-transform
	Difference equations 
	Difference equations 
	Difference equations 
	Converting from difference equations to  Z-transform
	Converting from difference equations to  Z-transform
	Converting from difference equations to  Z-transform
	Converting from z-transform to difference equation
	Slide Number 23
	Slide Number 24
	End��Thanks

