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The Indefinite Integral

Anti-derivative

QUESTION: What is the function whose derivative is 3x2?

CZ( (X3) = 3x°
cji (x3 — 1) = 3x?
c;i (X3 + \/g) = 3x?

C(Prc)=32

The function F(x) = x> + C is called the anti-derivative of
f(x) = 3x°.
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The Indefinite Integral

Anti-derivative

The process of finding anti-derivatives is called integration, and can
be expressed as integral notation

NOTE: /f(x) dx = F(x) + C & dCiF(x) — f(x)

Example 1

Verify that /xsinx dx =sinx — xcosx + C.

d

d—(sinx — X Ccosx) = cosx — (—xsinx + cos x)
x

= COSX + XSinXx — CosX = xsin X
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Basic Integration Rules

Rule (1): /k F(x) dx = k/f(x) dx

Rule (2): / )+ g(x)) d / f(x) dx + / g(x) dx

Rule (3): /k dx = kx + C

Example 2
/ldX:x—|—C
/7rdt:7rt+C
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Example 3

/3xdx:3/de—3 X2> +C==x>+C

(2) /(2x—3)2dx:m+C:é(2x—3)3+C
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Basic Integration Rules

Example 4

/(x—l)(x~|—3) dx:/(x2—|—2x—3) dx
:’;3+2-X22—3x+c
Z);3+x2—3x+C

Example 5

3/ 2 _ 2/3 _X5/3 _335
Vx2dx = [ x dX—%—f—C—g\/x—vLC
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Basic Integration Rules

Example 6

2 _ 2 1/2
e [ R
X X

/ —3x12) dx

X2 ¥1/2 x2
== 3—fC———6 C

2 12" VXt

Exercise 1
1
Evaluate / — dx
V3 —2x
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Basic Integration Rules

Rule (5): /)1( =In|x|+C

f'/
f(()’:)) dx = In|f(x)| + C
Example 7
)/gfr —In|9+e|+C
(2)/x2+1 2/x2+1 '“’XHHC
(3) /tanx dx:/z:)nsx dx:—/ CZ;nX dx = —In|cosx|+ C
X X

=In|secx|+ C
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Basic Integration Rules

1
Rule (6): /eX dx=¢e"+C ; /e’"”” dx = —.-e™t" 4 C
m
b* 1 pmx+n
/bxdxzi_i_c ; /bmx+"dX:—- e
Inb m Inb
Example 8
x/2
(1) /\/?dxz/ex/2dxzi/2+(::2\/§+c
8—3 28—3x
2 2°7 dx =
@) [2 =4 C
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Rules of Integration

Basic Integration Rules

Rule (7): /sinx dx = —cosx + C
/cosx dx = sinx+ C
/seczx dx = tanx+ C
/csczx dx = —cotx+ C

/secxtanx dx= secx+ C
/cscxcotx dx = —cscx + C
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Rules of Integration

Basic Integration Rules

Example 9

cos(4x — 10)
4

(2) /tanzx dx = / (seczx— 1) dx =tanx —x+ C

(1) /sin(4x —10) dx = — +C
(3) /secx(tanx + cos x) dx = /(secxtanx + sec x cos x) dx

:/secxtanx dx—i—/l dx
=secx+x+C
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Basic Integration Rules

Example 10
/sinzx dx = / (1 - 1cos(2x)) dx
2 2
1 1 sin(2x) 1 1.
—EX—E 5 +C—§X—15|n(2X)+C

NOTE:sin?x =1 — 2cos(2x) ; cos®x = I + 1 cos(2x)

Exercise 2

Evaluate the following integrals: (2) / e2Inx oy

(1) / SC'ZSXX) o (3) / CARLITY

eX 4+ e
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Basic Integration Rules

1
—— _dx=tan'x+C
14+ x2

1 1 b
—— — dx=——tan! — C
/a+bx2 X \/Ean ( ax>+

dx =sin"t'x+ C

Rule (8): (1) /

@ |
/\/ﬁ dx:\/lzsin_1< SX) +C

(Philadelphia University) Lecture Notes for Calculus 101 13 /36



Basic Integration Rules

Example 11

1
(1) /25+4x2 dx = (25)(4)

|
'—l

+

Y]

=]

L
+ ~/
& =

>
~_

+

(@)

1 1 9
2 - S e | =
(2) / T dx \/§S|n ( 16X) +C
C
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The Fundamental Theorem of Calculus

Area and the Definite Integral

If f is continuous and nonnegative on the
closed interval [a, b], then the area of the Y
region bounded by the graph of f, the
x—axis, and the vertical lines x = a and
x=bis
b
Area :/ f(x) dx / .
a / a b

Continuity Implies Integrability
If a function f is continuous on the closed interval [a, b], then f is
integrable on [a, b]. That is, [? f(x) dx exists.
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The Fundamental Theorem of Calculus

Area and the Definite Integral

f(x)dx=A; — Ay

/
£(x) * /Cf(x) dx = —A,
/

A, = net signed area
* Total area = A; + A,

—/C‘f(x)‘ dx
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The Fundamental Theorem of Calculus

Area and the Definite Integral

Example 12
Use the areas shown in the figure to
find:
b Y Area=10 Area=9
(1) Jf(x) dx =10 h& 2\«
y a b c d
(2) [f(x)dx =—94 \

= A
Area = 94 y=1%
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The Fundamental Theorem of Calculus

The Fundamental Theorem of Calculus

If a function f is continuous on the closed interval [a, b] and F(x) is
an antiderivative of on the interval [a, b], then

Example 13

2 x21? 4 1 3
(1)/1de—2] = =

/3 T
(2) / sec® x dx:tanx}oﬁztan (g)—tanO:\/g—O:\/g
0

1
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The Fundamental Theorem of Calculus

The Fundamental Theorem of Calculus

Example 14

1/2 1 dx — sin-1 1/2_._11 1 1
[ s o) et (3) —sn ()

Exercise 3

In3
(1) Eva/uate/ 5e* dx
0

-1

1
(2) Eva/uate/ = dx

—e X
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The Fundamental Theorem of Calculus

Properties of the Definite Integral

a

* If 2 € dom(f), we define / F(x) dx = 0

a

a b
* If f is integrable on [a, b], we define / f(x) dx = —/ f(x) dx
b

a
*If f is integrable on a closed interval containing the three points
a, b, and ¢, then

/abf(x) dx:/cf(x) dx+/cbf(x) dx

a

*f(x)>0; Vx € [a,b}:/bf(x)dxzo

f(x)<0; Vx e {a,b} :>/bf(x) dx <0
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The Fundamental Theorem of Calculus

Properties of the Definite Integral

Example 15
0 5 5

Given that / f(x) dx =2 and / f(x)dx =1, find [ f(x) dx.
1 1

5
f(x) dx = ) dx +
[row-[ao faos
1=-2+ f(x) dx [ ‘ o
' 0 1 5
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The Substitution Technique

Outside function

——

l
j f(g(0)g ) dx = Flg(x)) + C

Derivative of

Inside function s .
side fu inside function

By letting u = g(x) gives du = g’(x)dx and /f(u) du= F(u)+ C
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The Substitution Technique

Example 16
Evaluate /2x (x2 + 1)50 dx

/2xx+1 dx-/2x 50 du
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Let u=x>+1
du = 2x dx
du
dx = —
x 2x
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The Substitution Technique

Example 17

eVx
Evaluate/\/)_( dx

eu
VX
:/Qe”du:2e“—l—C
=2eV¥ 4+ C

Exercise 4

sin\(/\)_{;() J

Evaluate Ix
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dx = 2v/x du
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Integration by Substitution

The Substitution Technique

Example 18
(tan™? x)3
1+x
1
/ (tin+ x); 1  (147) du
1
= / v’ du = ZU4 +C

Evaluate / dx

= 411 (tan_1 X)4 +C
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Let u = tan" ' x

1
1+ x2
dx = <1+x2> du

du = dx
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The Substitution Technique

Example 19

Eval X d
Vauate/m X

Let u=1— x?

B s

du = —2x dx
1 1 J
=—— [ —du _
2J Vu dx — —du
B 1 2y 2x
=3 u u
1 1/2
L S TR, gy

2172
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Integration by Substitution

The Substitution Technique

Example 20

e (Inx)?
Evaluate / dx
1 X

2

e 2 1
/ (Inx) dx = / v xdu
1 X 0 X

_UT
3 0
1 1
:——O:—
3 3
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Let u =Inx

1
du = — dx

X
dx = x du

fx=1=u=0
fx=e=u=1
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The Substitution Technique

Example 21
Evaluate /xx/x —1dx
/X\/X—ldX:/X'U~2UdU Let u=+vx—1
2— J—
:/2u2(u2+1) du ut=x—1
x=u*+1
= (2u4+2u2) du 2u du = dx
5 !
=2.—42.—+C
5+ 3+
2 5 2 3
S (VAT 2 () e
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Integration by Substitution

The Substitution Technique

Example 22

eX
Evaluate/ dx Note: e =

1+ e
e e*
o [
/1—|—e2X 1—|—(ex)2
YRR
) 142 e

1
= d
/l—l—u2 “

=tantu+ C
=tan"!(e") + C

(€)’°

Let u = &*
du = e~ dx
d
dx = a
eX
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Integration by Substitution

The Substitution Technique

Exercise 5
Evaluate
(1) /ex dx |n(3X2>
Vs (3) [ ax
1
@ [ (s mp) (4) [ V35 dx
Exercise 6

4 0
Given that / F(x) dx = 1, find / x £ (x?) dx
0 —2

Lecture Notes for Calculus 101

30/36



Finding the Area between Two Curves

Let f(x) and g(x) be continuous functions such that f(x) > g(x)
over an interval [a, b]. Let R denote the region bounded above by the
graph of f(x), below by the graph of g(x), and on the left and right
by the lines x = a and x = b, respectively. Then, the area of R is
given by

f(x)

/a ’ [F(x) — g(x)] dx

yg(x)

a b

~
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Finding the Area between Two Curves

Example 23
Find the area of the region R bounded above by f(x) = x + 4 and
below by g(x) =3 — % over the interval [1,4}.
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etween Two Curves

Areas of Compound Regions

Question: What if we want to look at regions bounded by the graphs
of functions that cross one another?

Answer: In this case, we break up the interval [a, b] at the crossing
points into sub-intervals

[a, a1, [c1,¢], -, [cn, b]

and evaluate several integrals as follows to obtain the area.

Area =

/C b F(x) — g(x) dx

Lle(x)—g(x)dx‘+---+
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f a Region between Two Curves

Area o

Areas of Compound Regions

Example 24
Find the area of the region bounded by the graphs of f(x) = sinx

and g(x) = cos x over the interval {0, 7r]

* Find the point of intersection:

AN
1,
| in x sin X = cos X
! U4
Toox ™~ tanx =1
4 2
T
_1’ X = —
Cos X 4
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Areas of Compound Regions

Example 24 (Continued)

Find the area of the region bounded by the graphs of f(x) = sinx
and g(x) = cos x over the interval {0, W}.

* Calculate the area:

Area =

/4
/ sin x — cos x dx| +
0

T
/ sin x — cos x dx
/4

+ “— CoS X — sianM’

. m/4
= [— Cos X —smx}0

=(V2-1)+(vV2+1)
=22
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Area of a Region between Two Curves

Think About It

Exercise 7
Find the area enclosed by the functions f(x) = x* — x and g(x) = 3x.

-2 1 1 2
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