VECTORS

Vectors

o Physical quantities that have both numerical and directional properties.

eVector quantities

eMathematical operations of vectors in this chapter
o Addition
o Subtraction
o Multiplication:
Multiplying with a scalar
Scalar product

Vector product
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Coordinate Systems

eUsed to describe the position of a

point in space

eCommon coordinate systems are:
o Cartesian

o Polar

(x,y)
"""""" (r,0)

1
1
:
T :
y :
1
:
F\ 1
!
\ 1
origin X «
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Polar to Cartesian Coordinates
eBased on forming a right triangle from¥/
and 0 y
X
cosf = - & x =rcosf
y T,
sinf = - & y =rsind y
R\
oIf the Cartesian coordinates are known: 9
r=.x2+y2 x X
_7 I
tanf = x © 0 =tan x x: adjacent
y: opposite
r: hypotenuse
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Vectors and Scalars

!

e Many are always positive
e Some may be positive or negative

e Rules for ordinary arithmetic are used to

manipulate scalar quantities.

_

N

Vector and scalar Examples

e Distance
e Speed
e Time int

e Mass

e Displacement
e Velocity
ervals e Acceleration

e Force
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Vector and scalar Example

oA particle travels from A to B along the

path shown by the broken line.
o This is the distance traveled and is
a scalar.
oThe displacement is the solid line from
AtoB
o The displacement is independent of
the path taken between the two

points.

o Displacement is a vector.

Vector Notation

The magnitude of a vector is

8
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Vectors representation

Length = magnitude direction
¢ >
Tail Head
Initial point Final point (f)

(i)
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Vectors representation

- -

A=|4],6
- / AN
Vector A Its direction
v
Its magnitude
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Directions
+ve y-axis
R
Vertical .
90
North
. Horizontal
. 180 0 .
-ve X-axis < — > +ve x-axis
West O_ng_m East
x=y=0
South | 270° +ve: positive
7 -ve: negative
-ve y-axis
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Directions (6 = Theta)
2nd quadrant y 1st quadrant
-ve x-axis 90° +ve x-axis
+ve y-axis +ve y-axis
180 \\ i 0 o x
3rd quadrant 4th quadrant
-ve x-axis +ve x-axis
-ve y-axis -ve y-axis
(8) : should be measured counter 270°
clockwise starting at the positive x-
axis
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Equality of Two Vectors

*Two vectors are equal if:

« they have the same magnitude

and

« points in the same direction. B

. |/_1’ | = |§ | and
= In the same direction, or
= Parallel, or

- 6A,B = 00

13

« Vector addition is very different from adding scalar quantities.

« When adding vectors, their directions must be taken into

account.
+ Units must be the same
+ Graphical methods
Use scale drawings
+ Algebraic methods

More convenient

14




Adding Vectors Graphically

Draw the first vector, A , with the appropriate length and in the direction

Choose a scale.

specified, with respect to a coordinate system.

Draw the next vector with the appropriate length and in the direction specified,
with respect to a coordinate system whose origin is the end of vector A and
parallel to the coordinate system used for A.

Continue drawing the vectors “tip-to-tail” or “head-to-tail”.

The resultant is drawn from the origin of the first vector to the end of the last

vector.
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Adding Vectors Graphically, cont.
A L
/
/
Ny 1\
x@ /
&’
/
Q ’ Q
l Ll
A
N
R: resultant
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Adding Ve

Py

ctors, Rules

oThe Commutative Law of Addition:
when two vectors are added, the sum is

independent of the order of the addition.

o This is

R=A+B=B+A

Mustafa Al-Zyout - Philadelphia University
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Adding Vectors, Rules cont.

*The Associative Property of Addition:
when adding three or more vectors, their
sum is independent of the way in which

the individual vectors are grouped.

(A+B)+C=A+(B+C)

Mustafa Al-Zyout - Philadelphia University

16-Oct-21

18

16-Oct-21



Adding Vectors, Rules final

*When adding vectors, all of the vectors must have the same units.

e All of the vectors must be of the same type of quantity.

o For example, you cannot add a displacement to a velocity.

Mustafa Al-Zyout - Philadelphia University
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Negative of a Vector

*The negative of a vector is defined as
the vector that, when added to the
original vector, gives a resultant of

Zero. A

o Represented as A

A

v

o/f+(—[f)=0 A

*The negative of the vector will have
the same magnitude, but points in the

opposite direction.

Mustafa Al-Zyout - Philadelphia University
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Subtracting Vectors
@)

e Special case of vector addition.

. If/f—l_??, then use 4 + (—F?)
e Continue with standard vector

addition procedure.
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Subtracting Vectors, Method 2
@)

In the figure shown:

B+C=4

ol

:[T—

Ny

o The resultant vector C of
subtracting B from 4 points
from the tip of the second to the
tip of the first.
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Multiplying or Dividing a Vector by a Scalar
()

eThe result of the multiplication or
division of a vector by a scalar is a
vector.

oThe magnitude of the vector is
multiplied or divided by the scalar.

oIf the scalar is positive, the direction of
the result is the same as of the original
vector.

oIf the scalar is negative, the direction of
the result is opposite that of the original

vector.

g

2

High accuracy is required

« Graphical addition is not recommended when:

If you have a three-dimensional problem
« Component method is an alternative method

It uses projections of vectors along coordinate axes

24
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Components of a Vector, Introduction

*A component is a projection of a

vector along an axis.

o A, : the component (projection)

of the vector along the x-axis.

o A, : the component (projection)

of the vector along the y-axis.
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Components of a Vector, Introduction

Ayt Ay = A
Ay + A, =4

Mustafa Al-Zyout - Philadelphia University

y
Y
|
|
R A I
A y I
|
\T\ I
\\ 9 1
|
H |
L
A, X
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Ay Ay
\T\
N6
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L
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Vector Component Terminology

O/Tx and /Ty are the component vectors of A.

o They are vectors and follow all the rules for vectors.

. |/Tx| and |/Ty| are scalars, and will be referred to as the components of A.

Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Components of a Vector

S
e Assume you are given a vector A

eIt can be expressed in terms of two

other vectors, 4, and A,

-

Ayt A, =4

S

eThese three vectors form a right N0

triangle.

\ 4

.
%
x
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Components of a Vector
The x-component is: i The angle 6 is measured with
adjacent A y respect to the x-axis. IF NOT, do
X
cosf = hypotenuse =2 not use these equations
A, = A cosf
The y-component is: A)y
opposite A
sinf = _OPPOSTte _ Ly ®.
hypotenuse A ~ 8
Ay = Asinb >
Ay X
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Components of a Vector
The magnitude of the vector is: \/ The angle 6 is measured with
y respect to the x-axis. IF NOT, do
_ 2 2 not use these equations
A= |A2+45
The direction of the vector is: >
Ay
opposite A,
tanf = ——— = —
adjacent A, 4
A kY
0 = tan‘lA—y >
X A, X
Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Direction (8) and calculations from your calculator (¢)

1st quadrant

Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Direction (8) and calculations from your calculator (¢)

2nd quadrant
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Direction (8) and calculations from your calculator (¢)

®

0 =180+ |p| 45

3rd quadrant

-

A, -ve

-

A, -ve

v
@ :+ve

Mustafa Al-Zyout - Philadelphia University
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Direction (8) and calculations from your calculator (¢)
y
v ‘l X
%
P 4th quadrant
. Ay +ve
0=360"—|p|
Ay -ve
@ :-ve
Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Unit Vectors

e A unit vector is a dimensionless vector with a magnitude of exactly 1.

eUnit vectors are used to specify a direction and have no other physical

significance.

Mustafa Al-Zyout - Philadelphia University

16-Oct-21

35

Unit Vectors, cont.

vectors.
y

e The symbols ,] and k represent unit

e The magnitude of each unit vector is 1.
i=j=k=1

e They form a set of mutually

perpendicular vectors in a right-handed =

' 4

coordinate system.

=

i1jLk

e Dimensionless vectors. z

Mustafa Al-Zyout - Philadelphia University
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Unit Vectors in Vector Notation

" "
*A, is the same as Al , A, is the same

y
as Ayj and /YZ is the same as A,k .
eThe complete vector can be expressed Ao——_—————
as: 1
- - |
A=14],6 1 |
s s S Ayj I
A=A +A, |
S . . |
5 A=Adt Ay r 0 1
A = Acos61 + Asin6j ‘\ :
Al X
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Position Vector, Example
olf x =3m and y = 4m: y
(3m,4m)
F=3+4=7 X
//‘o
W
#=3 + 1 ? %
Y X y=4m
7
\3\
7 =30 +4f \ =
N0 = tan”
x=3m X
Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Adding Vectors Using Unit Vectors

A=A+ Ayj

| |

B = B,i+B,j

e Given:

R = (A, +B)i+ (4, + B))j

R=Ri+Ryj

3

‘

Adding Vectors Using Unit Vectors

40
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Three-Dimensional Extension

e Given:

e Find: R= /_1)+§
R= (A +B)i+ (4, +B))j + (4, +B,)k

R=R{i+Ryj+Rk

4

Three-Dimensional Extension

16-Oct-21
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Adding Three or More Vectors

oThe same method can be extended to adding three or more vectors.

* Assume

e And

R = (Ax +Bx +C)i + (Ay + By + C,) ) + (4, +B, +C,)k

4

e e N G2
3

The scalar product of two vectors is defined as.

It is also called the dot product.

44
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Scalar Product of Two Vectors

« 0 is the angle between A and B when

they are drawn starting at the same

point.

« The scalar product of any two vectors

is a scalar quantity.

4

Scalar Product, cont

The scalar product obeys the distributive law of multiplication.

Q- (B+6)=(A-B)+(4-6)

4

6
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Dot Products of Unit Vectors

1-1=(1)Bcos0O =1

i-j=(1)(1)cos90" =0

eIn general:

A=A0+A0+ Ak
oy AT
B = B,i+B,j +B,k
S > A-B=AB, +A,B,+4,B,
Z 4
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Dot Products of Unit Vectors
Special cases:
AB; If they are parallel; 6 = 0’
A-B={-4B ; If they are anti — parallel ; 6 = 180°
0;If they are perpendicular; 6 = 90°
A-A=0+ A +AL=1

Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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7

« There are instances where the product of two vectors is another

vector.
Earlier we saw where the product of two vectors was a scalar.

+ The vector product of two vectors is called the cross product.

9

4

The Vector Product Defined

) R 6 is the angle between A
The magnitude of C: and B when they are
|6 | = |j| |§|Sin9 drawn starting at the

same point.

50
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More About the Vector Product

The direction of € is
perpendicular to the plane
formed by Aand B .

The best way to determine
this direction is to use the
right-hand rule (R.H.R).

\“é’zzy
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Properties of t}}e\\/ector Product
The vector product is not To account for order
commutative. The order in which remember:
the vectors are multiplied is N o
. AXxB=—-BXxA
important.
If A i llel to B (8
ol i parao elto B ( Therefore
= 0 0r180), then
= o AXA=0
AxB=0
IfA is perpendicular to §, then
Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Properties of the Vector Product

The vector product obeys the
distributive law:

Ax(B+C)=(AxB)+(4xC)

The derivative of the cross product
with respect to some variable such
as tis:

diz?03 dA _ 3 > dB
E(AxB)_(ExB)+<AxE)

N
p

where it is important
to preserve the
multiplicative order
of the vectors.

Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Vector Products of Unit Vectors
ix1=(1)(1)sin0" =0
R +ve
\ IXi=jxj=kxk=0 | T )
ix j — E j /«/ —————— ‘\\.\\ \»\‘
S 4 R i
Jxk=1 ; R
kxi=j . /
A -ve
jX 1=—k e e
- e
kxj=—i k
ixk=-}

Mustafa Al-Zyout - Philadelphia University
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Signs in Cross Products

@

eSigns are interchangeable in cross products

Ax(-B)=-AxB

Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Using Determinants
eThe cross product can be expressed as
i J k
AxB=|A, A, A,
B, By, B,
> AxB= (A,B, A,B,) (AB, A,B) (4B, A,B)
Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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EXAMPLE (1)

The magnitudes of the Solution
(A) has a maximum possible magnitude

vectors A and B are (3) and when both vectors are in same direction:

(4), respectively, and C=4 C=A+B
+5 ICl=14] +|B|=3+4=7
A L B >
e (A) What is the kd S
A+B

maximum possible
(B) has a minimum possible magnitude when

magnitude for € 7 both vectors are in opposite directions:

e (B) What is the C=A+B
minimum possible |C| = |B| - |A| =4-3=1
magnitude for c? +B A
N B
Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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EXAMPLE (2)

A car travels (20 km) due north and then (35 km) in a direction (60°) west of north

as shown.

a) Write the two displacements in magnitude — direction notation.

b) Determine the x — and y — components of the two displacements.

c) Write the two displacements in unit vector notation.

d) Find the resultant displacement in unit vector notation.

e) Determine the x — and y — components of the resultant displacement.
f) Find the magnitude of the resultant displacement.

¢) Find the direction of the resultant displacement.

h) Write the resultant displacement in magnitude — direction notation.

Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Solution
a) y
North
AA=20km
B =35km JU B 0, = 150°
L/ 6‘Qi
S
<10, = 90
. X
West I
A =20km,90° B =35km, 150
Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Solution
b) A, =20c0s90° =0 km

A, =20sin90" = 20 km

B, = 35c0s150° = —30.3 km

B, =35sin150" = 17.5 km
¢) A=(01+20)) km

B =(-303{+175)) km
d) C=A4+B=[(0+ ~30.3)i+ (20 + 17.5)j]km

= (=(73031+ 37.5)) km
e) Cy = "30.3km

C,=375km

Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Solution

f) c= Jc2+c?= J(—30.3)2 +(37.5)2 = 48.2 km

g) From your calculator:

375 .

Since C, is ~veand C, is +ve, then the resultant displacement lies in the 2nd
quadrant, and its direction is:

8 =180"—|p|=180"—51" = 129

h) C =48.2km,129°

Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Example (3)

Find the sum of three displacement vectors lying in the xy plane and given by: A

=(42i-15)m, B=(-161+29))mand C = (-3.7))m.

Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Example (4)

e A particle undergoes three consecutive displacements: A= (15 i4+30j+12 IG) m,

B = (23 i—14j-5 IG) m and C = (=137+15j) m . Find unit-vector notation for

the resultant displacement and its magnitude.

Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Example (5)
e The figure shows two vectors lying in\/

the xy plane, if (A = 6), (B =5), and

(a = 40°). Determine the scalar

product of them. A

L
B

Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Example (6)

e Vectors A and B have magnitudes of 3 units and 4
units, respectively.

e a) What is the angle between the directions of A
and B if A.B=0 .

e b) What is the angle between the directions of A
and B if A.B=12 .

e ¢) What is the angle between the directions of A
and B if A.B=-12 .

Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Example (7)
(@)
e The vectors A and B are given by: 4 = (31— 4})
and B = (—22+3]€) .
e a) Find the magnitude of the two vectors.
e b) Determine the scalar product of the two
vectors.
e ¢) Find the angle between the directions of the
two vectors.
Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Example (8)

e Find the angle between A= (3 I—Jj+5 k)

and the positive x-axis.

Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Vector Product Example

*Givemi=2i + 3} B=-i+2j
eFind xB
eResult
AxB = (2i +3])x (=i +2])
=2ix(=1)+2i x2]+3jx(-i)+3jx 2]
=0+4k+3k+0="7K

Mustafa Al-Zyout - Philadelphia University 16-Oct-21
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Torque Vector Example

eGiven the force and location
F-(2.00i +3.00)) N
F=(4.00i +5.00j)m

eFind the torque_produced . .
7=t x F=[(4.00i+5.00j)N]x[(2.00i + 3.00j)m]
=[(4.00)(2.00)i x i +(4.00)(3.00)ix j
+(5.00)(2.00)jx i+ (5.00)(3.00)ix j
=2.0kN-m

Mustafa Al-Zyout - Philadelphia University
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