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Motion in two dimensions

Chapter 4

04-Nov-20

1

Mustafa Al-Zyout - Philadelphia University

Position and Displacement
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The position of an object is 
described by its position vector, 𝑟 , 
with respect to a chosen reference 
point (the origin).

𝑟 = 𝑥𝚤̂ + 𝑦𝚥̂

The displacement of the object is 
the change in its position.

∆𝑟 = 𝑟 − 𝑟
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Average Velocity:

�⃗�௩ =
∆⃗

∆௧

Instantaneous Velocity:

�⃗� =
ௗ⃗

ௗ௧

∆𝑡

Average Acceleration:

�⃗�௩ =
∆�⃗�

∆𝑡 𝑑𝑡

Instantaneous Acceleration:

�⃗� =
𝑑𝑣

𝑑𝑡

Velocity and Acceleration
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Kinematic Equations for 2-D Motion
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These equations will be similar to those of one-dimensional kinematics.

Motion in two dimensions can be modeled as two independent motions in each of 

the two perpendicular directions associated with the x and y axes.

 Any influence in the y direction does not affect the motion in the x direction.
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Since acceleration is constant, we can also find an expression for the 
velocity as a function of time:

�⃗� = �⃗� + �⃗�𝑡

The position vector can also be expressed as a function of time:

𝑟 = 𝑟 + �⃗�𝑡 +
1

2
�⃗�𝑡ଶ
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Kinematic Equations
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Kinematic Equations: 2-D
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∆𝑟 =
1

2
�⃗� + �⃗� 𝑡

∆𝑟 = �⃗�𝑡 −
1

2
�⃗�𝑡ଶ

∆𝑟 = �⃗�𝑡 +
1

2
�⃗�𝑡ଶ

�⃗�: acceleration (m/s2)

�⃗� : initial velocity (m/s)

�⃗� : final velocity (m/s)

�⃗� = �⃗� + �⃗�𝑡

Equations Missing

∆𝑟 : displacement (m)
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Kinematic Equations: Horizontal components
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∆𝑥 =
1

2
𝑣୶ + 𝑣୶ 𝑡

∆𝑥 = 𝑣୶𝑡 −
1

2
𝑎௫𝑡ଶ

∆𝑥 = 𝑣୶𝑡 +
1

2
𝑎௫𝑡ଶ

𝑎௫: acceleration (m/s2)

𝑣୶ : initial velocity (m/s)

𝑣୶ : final velocity (m/s)

𝑣୶
ଶ = 𝑣୶

ଶ + 2𝑎௫∆𝑥

𝑣୶ = 𝑣୶ + 𝑎௫𝑡

Equations Missing

∆𝑥 : displacement (m)

𝑡 : time (s)
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Kinematic Equations: Vertical components
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∆y =
1

2
𝑣୷ + 𝑣୷ 𝑡

∆y = 𝑣୷𝑡 −
1

2
𝑎௬𝑡ଶ

∆y = 𝑣୷𝑡 +
1

2
𝑎௬𝑡ଶ

𝑎௬: acceleration (m/s2)

𝑣୷ : initial velocity (m/s)

𝑣୷ : final velocity (m/s)

𝑣୷
ଶ = 𝑣୷

ଶ + 2𝑎௬∆y

𝑣୷ = 𝑣୷ + 𝑎௬𝑡

Equations Missing

∆y : displacement (m)

𝑡 : time (s)
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An ob j ec t  may  move  i n  b oth  th e  x and  y d i r ec t i on s  
s imu l tan eous l y.
The  f o rm o f  two-d imens i ona l  mot i on  we  w i l l  d ea l  w i th  i s  ca l l ed  
p ro j e c t i l e  mot i on .
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Projectile Motion
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Assumptions of Projectile Motion

• It is directed 
downward.

The free-fall acceleration is constant over the range 
of motion.

The effect of air friction is negligible.

• This path is called the 
trajectory.

With these assumptions, an object in projectile 
motion will follow a parabolic path.
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Projectile Motion

𝑣௫ = 𝑣𝑐𝑜𝑠𝜃=constant

𝜃

𝑣𝑣௬ = 𝑣𝑠𝑖𝑛𝜃

𝑎௫ = 0

𝑥 = 𝑥 + 𝑣𝑐𝑜𝑠𝜃  𝑡

Range

Maximum 
height

𝑎௬ = 𝑔

Freely Falling 
Object
≡ thrown 
vertically up
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Thrown up from height H

𝑣௫

𝜃

𝑣
𝑣௬

Freely Falling 
Object
≡ thrown vertically 
up

Range

H

𝑎௬ = 𝑔
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Thrown down from height H

𝑣௫

𝜃

𝑣
𝑣௬

Freely Falling 
Object
≡ thrown vertically 
down H

𝑎௬ = 𝑔
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Thrown horizontally from height H

𝑣௫ = 𝑣

𝑣
𝑣௬ = 0

Freely Falling 
Object
≡ thrown vertically 
down H

𝑎௬ = 𝑔
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Kinematic Equations 
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∆𝑟 = �⃗�𝑡 −
1

2
�⃗�𝑡ଶ

∆𝑟 = �⃗�𝑡 +
1

2
�⃗�𝑡ଶ

�⃗� = �⃗� = −9.8𝚥̂ 𝑚 𝑠ଶ⁄

�⃗� : initial velocity (m/s)

�⃗� : final velocity (m/s)

�⃗� = �⃗� + �⃗�𝑡

Equations Missing

∆𝑟 : displacement (m)
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Kinematic Equations: Vertical components
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∆y = 𝑣୷𝑡 +
1

2
g𝑡ଶ

∆y = 𝑣𝑠𝑖𝑛𝜃 𝑡 −
1

2
g𝑡ଶ

𝑣 : initial velocity (m/s)

𝑣 : final velocity (m/s)

𝑣୷
ଶ = 𝑣𝑠𝑖𝑛𝜃

ଶ − 2g∆y

𝑣୷ = 𝑣𝑠𝑖𝑛𝜃 − g𝑡

Equations Missing

∆y : displacement (m)

𝑡 : time (s)

𝑔 = 9.8 𝑚 𝑠ଶ⁄
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Kinematic Equations:
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• 𝑥 = 𝑥 + 𝑣𝑐𝑜𝑠𝜃  𝑡
Horizontal components: it is a motion with constant 
velocity:

• 𝑅 =
௩

మ௦ଶఏ


Range: is the maximum horizontal distance:

• ℎ =
௩

మ௦మఏ

ଶ
Maximum height: is the maximum vertical distance:
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Notes
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The horizontal and vertical components of a 
projectile’s motion are completely 
independent of each other.

• 𝑡௫ = 𝑡௬ = 𝑡
Time is the common variable for both 
components: 

• 𝑣௫. = 𝑣௫ = 𝑣𝑐𝑜𝑠𝜃
The velocity at the maximum height equals 
the horizontal component:

• �⃗� = �⃗� = −9.8𝚥̂ 𝑚 𝑠ଶ⁄
The acceleration anywhere along the 
trajectory is:

The path of a projectile is a parabola.
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Notes, …

• 𝜃 = 45°.The maximum range occurs at:

• The maximum height will be 
different for the two angles.

• The times of the flight will be 
different for the two angles.

Complementary angles will produce the 
same range.
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Uniform circular motion occurs when an 
object moves in a circular path with a 
constant speed.

The constant-magnitude velocity vector is 
always tangent to the path of the object.

An acceleration exists since the direction of 
the motion is changing .
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Uniform Circular Motion

v

v

v

radius

tangent

v

r m

Mustafa Al-Zyout - Philadelphia University



04-Nov-20

11

Changing Velocity in Uniform Circular Motion
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Changing Velocity in Uniform Circular Motion
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The change in the velocity vector is due to the 
change in direction.

The direction of the change in velocity is toward 
the center of the circle.

• �⃗� = �⃗� + ∆�⃗�The vector diagram shows:
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Centripetal Acceleration

The acceleration is always perpendicular to the path of 
the motion.

The acceleration always points toward the center of the 
circle of motion.

• It is also called the 
radial acceleration.

This acceleration is called the centripetal acceleration.
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Centripetal Acceleration, cont

• 𝑎 =
௩మ



The magnitude of the centripetal acceleration vector is 
given by

The direction of the centripetal acceleration vector is 
always changing, to stay directed toward the center of 
the circle of motion.
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Period

The period, T, is the time required for one complete 
revolution.

• 𝑣 =
ଶగ

்

The speed of the particle would be the circumference of the 
circle of motion divided by the period. 

• 𝑇 =
ଶగ

௩
Therefore, the period is defined as 
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Tangential Acceleration
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The magnitude of the velocity could 
also be changing.

In this case, there would be a 
tangential acceleration.

The motion would be under the 
influence of both tangential and 
centripetal accelerations.
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Tangential Acceleration, equation

• 𝑎௧ =
ௗ௩

ௗ௧

• Direction: Same as velocity vector if 
(v) is increasing, opposite if (v) is 
decreasing 

The tangential acceleration:
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Total Acceleration
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The tangential acceleration causes the 
change in the speed of the particle.

The centripetal acceleration comes from 
a change in the direction of the velocity 
vector.

The total acceleration:

�⃗� = �⃗� + �⃗�௧

Its magnitude:

𝑎 = 𝑎
ଶ + 𝑎௧

ଶ
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