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Nonprismatic members

» Often, to save material, girders used for long spans
on bridges and buildings are designed to be
nonprismatic, that is, to have a variable moment of
inertia.

» The most common forms of structural members that
are nonprismatic have haunches that are either
stepped, tapered, or parabolic.
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Nonprismatic members

If the slope deflection equations or moment
distribution are used to determine the reactions on
a nonprismatic member, then we must calculate
the following properties for the member:

- Fixed-End Moments (FEM).
- Stiffness Factor (K ).
- Carry-Over Factor (COF ).

Once obtained, the computations for the stiffness
and carry-over factors can be checked, by noting an
important relationship that exists between them.



Analysis of nonprismatic members

» Application of the Maxwell-Betti reciprocal theorem
requires the work done by the loads in Fig. a acting
through the displacements in Fig. b be equal to the
work of the loads in Fig. b acting through the
displacements in Fig. a, from which:

CapK g4 = CpaKp

&4 (1 rad)

(a)
» The stiffness and carry-over factors must satisfy this
condition.

» These properties can be obtained using graphs and
tables have been made available to determine this
data for common shapes used in structural design.
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TABLE 13-2 Parabolic Haunches—Constant Width
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a4, ag = ratio of the length of haunch at ends A and B to the length
of span.

b = ratio of the distance from the concentrated load to end A
to the length of span.

C ap, Cpa = carry-over factors of member A at ends A and B, respec-
tively.

f14, fig = depth of member at ends A and B, respectively.
fi- = depth of member at minimum section.
I = moment of inertia of section at minimum depth.
K 4p. kpa = sliffness factor at ends A and B, respectively.
L = length of member.

M 4p, M g4 = fixed-end moment at ends A and B, respectively; specified
in tables for umiform load w or concentrated force P.

ra, rgp = ratios for rectansular cross-sectional areas, where
ra = (ha— hc)/he.rg = (hg — hc)/fhe.
The fixed-end moments and carry-over factors can be found from
the tables. The absolute stiffness factor then can be determined
using the tabulated stiffness factors and found from:

_ KapElc _ kpaEle

A I, B I,



Moment Distribution for Structures Having Nonprismatic Members

» Once the fixed-end moments and stiffness and
carry-over factors for the nonprismatic members
of a structure have been determined,
application of the moment-distribution method
follows the same procedure as outlined in
Chapter 12.

» The distribution of moments may be shortened
if a member stiffness factor is modified to
account for conditions of end-span pin support
and structure symmetry or antisymmetry.
Similar modifications can also be made to
nonprismatic members.



Moment Distribution for Structures Having Nonprismatic Members

» Beam Pin Supported at Far End.

Ky = K4(1 — CypCpy)

» Symmetric Beam and Loading.

Ky = K4(1 — Cyp)

» Symmetric Beam with Antisymmetric Loading.
a= Ka(l + Cyp)

» Relative Joint Translation of Beam.
Fixed-end moment for the case of fixed far end is:

A
(FEM)p = —KAE'U + Cyp)

Fixed-end moment for the case of pinned far end is:

(FEM)yp = _Kﬁ%{l — C4pCpa)




Example (1): Moment distribution method for beam of
nonprismatic members.
Determine the internal moments at the supports

of the beam shown. The beam has a thickness of
1 ft and E is constant.

30 k
2 k/ft
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[_ — V= ey I oAl 3 e f
4 ft 28 4tﬁ /%‘ft\
. _l:\ 5 A 5 ft
el ,\.A ‘?{B \'\
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25 ft 10 ft




Solution:

Since the haunches are parabolic, we will use Table 13-2
to obtain the moment-distribution properties of the
beam.

Span AB 5 4_9
HA=HB=E=D'2 FA=FB=—2 = 1.0

Entering Table 13-2 with these ratios, we find €4z = Cza = 0.619

kap = kpa = 641
The stiffness of the member is: AR TRA

kEI- O641E(3)(1)(2)
Kup= Kpy = 3 € - (25) = (.171E

Since the far end of span BA is pinned, we will modify the
stiffness factor of BA:

pa = Kpa(l — CpCpyq) = 0.171E[1 - 0.619(0.619)] = 0.105E



For uniform load, use Table 13-2, the fixed end moments

are: (FEM) 45 = —(0.0956)(2)(25)> = —119.50 k - ft
(FEM)p, = 119.50 k - ft
Span BC
5 4-12
ﬂg—ﬂc—ﬁ=ﬂ.5 FE—T=]_U
re = —552 =15

From Table 13-2 we find

Cpc = 0781  Ccp = 0.664
kgr: == 13.12 kcg == 154?
The stiffness of the member:

KEI. 1312E(3)(1)(2)°
Kpo=—7°= (13) — 0.875E

kEI. 1547E(3)(1)(2)
Kep == € = (m) — 1.031E




Concentrated load.

3 n
b=15=03
(FEM)pc = —0.1891(30)(10) = —56.73 k - ft
(FEM)cp = 0.0759(30)(10) = 22.77 k - ft

Using the foregoing values for the stiffness factors, the distribution
factors are computed as summarised in the table below. The
moment distribution follows the same procedure outlined in

Chapter 12. Tfni A B C
Member| AB BA BC CHB
K |0.171E | 0.105E | 0.875E | 1.031E
DF 1 0.107 0893 0
COF 06190 0.619| 0.781 0.664
FEM |-119.50 | 119.50 |—56.73 | 22.77
Dist. | 119.50 | —6.72 | —56.05
CcO 73.97 —43.78
Dist. —791 |—66.06
CO *~51.59
M 0 178.84 |—178.84 | —72.60




Example (2): Moment distribution method for frame of
nonprismatic members.
Apply the moment-distribution method to determine the
moment at each joint of the parabolic haunched frame.

Supports A and B are fixed. Use Table 13—2. The members
are each 1 ft thick. E is constant.

1.5 k/ft




Slope-Deflection Equations for Nonprismatic Members

The generalized slope-deflection  equation  for
nonprismatic members is:

My = Ky(fy + Cyp — @i(1 + Cy)) + (FEM)y

My = internal moment at the near end of the span; this moment is
positive clockwise when acting on the span.

Ky = absolute stiffness of the near end determined from tables or by
calculation.

8n, 8 = near- and far-end slopes of the span at the supports: the
angles are measured in radians and are positive clockwise.

v = span cord rotation due to a linear displacement, y = A/L,;
this angle is measured in radians and is positive clockwise.

(FEM ) = fixed-end moment at the near-end support; the moment is
positive clockwise when acting on the span and is obtained
from tables or by calculations.



Example:

Determine the moments at A, B, and C by the the
slope-deflection equations. Assume the supports at
A and C are fixed and a roller support at B is on a
rigid base. The girder has a thickness of 4 ft. E is

constant. The haunches are straight.
8 k/ft

AT B T T e
mﬁ;ﬁ_ﬁ“ b, e il :i'wf-r:[h T Sl

2 fit! ‘ +
.._S\ﬁ'ﬂ'v |4 f-[? -0 ft-

4 ftl—
e 20 ft 163 20 ft—A—
ey i ‘ | A




ﬂﬁ—ﬁzﬂ.} ﬂﬂ—ﬁ=ﬂ.2
4 -2
= =—=1
Fa=rp 9
For span AB,

C_,Lr_; = (.622 CH‘,J, = ().748
K_;”; = 10.06 K—E;‘: = 8.37

KpaEl: 837EI:
L2

Kpy = = (.4185E] -

(FEM)4p = —0.1089(8)(20)°> = —348.48 k - ft
(FEM), = 0.0942(8)(20)* = 301.44 k - ft

For span BC.

Cpe = 0,748 Cprp = 0.622
Kpr = 837 Kep = 10,06
Kpr = 04185E] -

(FEM)pe = —301.44 k-t
(FEM)rp = 34848 k- ft



(FEM)cp = 348.48 k- ft
My = Kp[fy + Cnlp — (1 + Cy)] + (FEM)y

M ap = 0.503EI(0 + 0.6228, — ) — 34848

Mg = 0.312866EIf, — 3488 (1)
Mpa = 0A18SEI(f5 + 0 — 0) + 301.44

My, = 0.4185EI6, + 301.44 @)
Mpe = 0.4185EI(f; + 0 — 0) — 301.44

M- = 0.4185E16, — 301.44 @3)
Mep = 0503E1(0 + 0.6228p — 0) + 348.48

Mcp = 0312866E185 — 34848 (4)
Equilibrium.
Mpa + Mpc =10 (5)

Solving Eqgs. 1-3:
g =10
Map=-348k-1t
Mpy =301k 1t
Mpe=-301k-ft
Mep=348k-1t



Example:

Determine the moments at A, B, and C by the the
moment distribution method. Assume the supports
at A and C are fixed and a roller support at B is on a
rigid base. The girder has a thickness of 4 ft. E is

constant. The haunches are straight.
8 k/ft

AT B T T e
mﬁ;ﬁ_ﬁ“ b, e il :i'wf-r:[h T Sl

2 fit! ‘ +
.._S\ﬁ'ﬂ'v |4 f-[? -0 ft-
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e 20 ft 163 20 ft—A—
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iy ﬁ = 0.3 g = ﬁ = 0.2
4 -2
= = = 1

Fa=Fp 2
For span AB,
C,”_; = (0.622 CHA = ().748
K,Lr_; = 10.06 K;;A = 837

_ KpaElc 837Elc
Kpa = T 0.4185E1

(FEM)4p = —0.1089(8)(20)> = —348.48 k - ft
(FEM)p, = 0.0942(8)(20)* = 30144 k - ft

For span BC,
CHC == {].T‘q'E CCR == {].622 JDiI]t A C
Kpr = 837 Kep = 1006 Mem. AB BA BC CB
Kpe = 04185E] - K 0.4185E1- | 0.4185E] -
(FEM)ge = —301.44 k- ft DF 0 0.5 05 0

COF 0.622 0.748 0.748 0.622
(FEM)cp = 34848 k-t FEM | —348.48 30144 | —301.44 348.48

0 0
MM | -348.48 30144 | —301.44 348.48 k - ft




Problem:

Use the moment-distribution method to determine the
moment at each joint of the symmetric bridge frame.
Supports F and E are fixed and B and C are fixed
connected. The haunches are straight so use Table 13-2.
Assume E is constant and the members are each 1 ft thick.

—40 ft 40 ft 40 ft

3 ft
|




g = g = — = (0.3
ST
4 -2
p=tc=—7"=10
n Yo 2
Thus,
CHC = CCB = (0.705 K-EC = KCE = 10.85
Since the stimulate and loading are symmetry,
! 3
KucEle lﬂ.EiElﬁ(l](Z ]] oren
BC Ppe 40 o

Kype = Kpe(l — Cpe) = 0.18083E(1 — 0.705) = 0.05335E

The fixed end moment are given by
(FEM)pe = —0.1034(2)(40%) = —330.83 k- ft
Since member AB and BE are prismatic

e E 0]

4E1 12

Kpr = = = 0.08589F
" Laa 30

1
IE] BE[E[U(ESJ ]
Kp, = =2 = — 0.16875E




Joint A B E
Member | AB BA BC BE ER
K 0.16875E | 0.05335E | 0.08889E
DF 1 0.5426 0.1715 0.2859 0
COF 0 0.705 0.5
FEM —330.88
Dist 179.53 56.75 94.60
CO 47.30
E M 179.53 —274.13 94.60 47.30
Thus,
Mep = Mpy = 17953 k-1t = 180 k-1t
Mep = Mpp = 9460 k-t =946 k-1t
Mep = Mp-=-27413k-ft = 274 k-t

Mpe = Mpp =

4730 k-ft =473 k-1t




Slope-deflection method

ﬂﬂzﬂ‘:':%:[lﬂ fﬂzfcz%zl.ﬂ
Thus,
CEC = CCE = D.?DS KHC = KCB‘ = ]D.ES
Then,
10 ESE[i 1)(2° ]
KpoEl, (OSE 7 (1E)
Kgc = KCB - = = (.1808E

Lpe 40)
The fixed end moment’s are given by

(FEM)gc = —0.1034(2)(40%) = —330.88 k - ft.

lqc = —Hg
My = Ky[fy + Cybp — W(HCy)] + (FEM)y

M g = 0.180BE[f + 0.705(—8p) — 0 (1 + 0.705)] + (—330.88)
= 0.053346E#p — 330.88



For prismatic member BE

My = 2EK(28y + 0y — 30) + (FEM)y

- { -
—DE)
Mpr = 2E
RE a0 ]
{ -
SOy
MEH =2E 30

[265 + 0 — 3(0)] + 0 = 0.08889E6,

[2(0) + 65 — 3(0) + 0 = 0.04444E8,

For prismatic member AB

My = 3EK(fy — v) + (FEM)y

Mﬂ-ﬂ = 3E

A
S0

40

(65 — 0) + 0 = 0.16875E6

(2)

(3)

(4)



Moment equilibrium of joint B gives
Mpa+ Mpec + Mg =10
0.16875E8 + 0.053346E60 — 330.88 + 0.085889E0; = 0

. 1063.97
B E

Substitute this result into Eq. (1) to (4)
Mep = Mpe = -27412k-ft = =274 k- fi
Mep = Mpp =9458k-ft = 946k-ft
Mpe=Mgp =4728k-ft = 473kt
Mep = Mpq = 17955kt = 180k -1t



